Abstract: This research contributes to the improvement of the optimal headway solution for the transit performance functions (e. g., minimize total cost; maximize social welfare) derived from the traffic model proposed by Hendrickson. The purpose of this paper is threefold. First, we prove that that model has a unique solution for headway. Second, we offer a formulated approximation for headway. Third, numerical examples illustrate that our formulated approximation performs more accurately than the Hendrickson's.
INTRODUCTION
Researchers developed analytical traffic models to provide a simplified version for the real but too complicated real world situations. The formulated solution for analytical modes is a useful indicator to reveal relations among parameters and decision variables. From the explicit expression, researchers noticed which parameter has significant impact on the optimal solution; so, they could operate a comprehensive examination of the important parameters to obtain more representative mean and variance of the parameters. For examples, Golob et al. [6] examined an analysis of consumer preferences for a public transportation system to improve the quality of information about potential public transportation users, their needs and preferences. the same numerical examples, our formulated approximated solution for headway gives more accurate results than the Hendrickson's. Instead, we find the closed form of total costs and headway relationships, and we propose analytic functions to approximate the optimal headway. There are three papers published in Yugoslav Journal of Operations Research having similar analytical approach as ours. Wu et al. [18] investigated the Newton method for determining the optimal replenishment policy for EPQ model with present value, and their findings are more efficient than the bisection method. Lin et al. [11] constructed inventory models from ramp type demand to a generalized setting such that the optimal solution for replenishment policy is independent of demand type. Hung [9] developed continuous review inventory models with the present value of money and crashable lead time; he also obtained several lemmas and one theorem to estimate optimal solutions.
REVIEW OF HENDRICKSON'S MODEL
To be compatible with Hendrickson [7] , we used the same assumptions and notation: The total system operating costs may be expressed as a fixed charge per vehicle dispatch plus an hourly charge. In this case, the total system operating costs per patron are: 
Therefore, we face the following minimizing problem:
In Hendrickson [7] , by conviction or for analytical convenience, he only considered the special case with s n = and w hk = , then
For simplicity, we assume that 0 2
Hence, it is not surprising that for this special case Hendrickson derived that the minimum value occurs at
. However, he did not examine the general case. In this paper, we prove that the generalized total costs, Eq. (2) still has one critical point and that this point is the minimum solution.
OUR IMPROVEMENT FOR THE GENERAL MODEL
From Eq. (2), with w hk = , where 
Motivated by Eq. (5), we assume ( )
We obtain that ( ) 
Hence, to prove that
Since the parameters in Eq. (8) have their practical meaning, therefore, we quote the data from Hendrickson [7] , then 30 
Hence 
Combining Eq. (9) and (10), we obtain Therefore, * h is the minimum point for the total costs. We summarize our results in the following Theorem. Hence, the total costs have a unique minimum solution.
THE CONVEXITY PROPERTY OF THE PERFORMANCE FUNCTION
Next, for the convexity property of ( ) 
We show that from the practical point of view, 
By the Taylor's series expansion, we have 
We rewrite the left hand side of Eq. (14) as ( ) 
Combining Eq. (9) and (12) 
THE FORMULATED APPROXIMATION FOR HEADWAY
Here, we consider a formulated approximation for * h . From Eq. (5) and (6) 
In the numerical examples, we demonstrate that our formulated approximation is a very good estimation for * h .
NUMERICAL EXAMPLES AND SENSITIVE ANALYSIS
Since ( ) G h is a concave up function for 0 h > , so the Newton's method is suitable to locate * h . We examine the same numerical example as Hendrickson [7] . The data of parameters are listed below: 
and our formulated approximation is expressed as
From the comparison of headway as optimal headway * 0.119 h = , Hendrickson's approximated headway 1 0.137 h = , and our approximated headway 2 0.116 h = , we can say that our formulated approximation is a better estimation for
Moreover, the comparison of total costs as optimal total costs ( )
Hendrickson's approximated total costs ( ) . We list them in Table 1 for headway, and Table 2 for total costs. To be more accurate, in Tables 1 and 2 , the expression for the results is calculated to the sixth decimal place. indicates that 1 h increase with s t increases, but it can result in wrong deterministic analysis under real conditions. Namely, when the increment of average extra time required decelerating and accelerating for a patron stop will erroneously enable us to make a large headway decision. The optimal solution 2 h indicates that if 2 h increases, decreases should vary with t p increases, that is to say, the increase of the average patron boarding and unloading time will reduce headway for decision. 
CONCLUDINS
This paper makes a rigorous investigation into how to obtain the optimal headway solution in the analytical model for the transit systems. A new approximation headway solution and its implications are presented. Based on the same numerical example comparison for fixed-route public transit system, the results indicate that the new approximation headway solution are more practical and accurate for cost function so, better than that of Hendrickson. The present paper can be of assistance in improving the solution of performance function.
